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Abstract-Scattering of acoustic waves by rough bathymetry is an important factor influencing the 
performance of array systems. This paper discusses a computer model that calculates the directional 
distribution of bottom-scattered energy received at an array. The model simultaneously includes the 
effect of bathymetric scattering and refraction caused by a varying sound-speed structure in the water 
column. The numerical techniques used include the split-step solution to the parabolic equation approx- 
imation to the Helmholtz equation away from the boundary. propagation of the coherence function near 
the boundary. and a modified Kirchhoff formulation to incorporate scattering. An exponential substitution 
approximation. which can reduce the computation time of the scattering component by two orders of 
magnitude wtth little loss in accuracy, is described. 
I. INTRODUCTION 
When an acoustic wave impinges upon a hard rough surface. significant amounts of energy can 
be incoherently scattered in all directions. This is an important phenomenon which degrades 
the performance of acoustic array systems operating near rough bathymetry. Array systems need 
to be designed and situated in a manner that takes advantage of such environmental factors or 
minimizes their effect. 
A summary of theoretical work in modeling waves scattered from rough surfaces is con- 
tained in [ 11. The present paper describes the theoretical and computational framework of the 
computer model, Ocean Refraction and Bathymetric Scattering (ORBS). The model calculates 
the directional pattern of received energy at an array. It incorporates both the effect of a varying 
sound-speed structure in the ocean volume (refraction) and scattering from rough bathymetry. 
The ocean region is taken to be bounded below by a rough sloping surface, either a seamount 
or other configuration where it makes sense to consider only a single encounter with the 
bathymetry. The upper surface is taken as flat and actually is of little importance to the model. 
The acoustic field is computed by a combination of the split-step parabolic equation method, 
propagation of the coherence function along characteristics, and rough-surface scattering. Out- 
of-plane scattering is included, as our interest, is in calculating the directional acoustic field as 
seen by a nearly horizontal acoustic receiving array. Thus ORBS is a three-dimensional model. 
As a seamount is not usually covered with sediment, we do not currently incorporate penetration 
into the bottom. The ORBS model has been computer implemented on a VAX 11/780 at NRL. 
A statistical approach has been chosen for the solution to the basic problem of scattering 
from a rough boundary. since ( 1) one cannot obtain bathymetric data fine enough even for a 
specific bottom region to describe completely the propagation problem deterministically, and 
(2) movement of the receiving array and sound source cause different bottom regions to be 
insonified over relatively small time scales. A statistical approach can provide estimates of the 
expected environmental limits to array design. it allows for the prediction of optimum array 
size to achieve specific performance levels (gain. resolution and side-lobe rejection), given the 
statistics of the roughness of a region. 
In Sec. 2 we present a general overview of the ORBS model. We describe its major 
components and discuss the propagation algorithms employed. In Sec. 3 we discuss our method 
for incorporating rough-surface scattering. Attention is drawn to the exponential substitution 
approximation which accurately models underwater acoustic scattering with great savings in 
computational time. In Sec. 3 we return to ORBS and show examples of its computation of 
the directional distribution of received energy at an array. We summarize the paper in Sec. 5. 
2. GENERAL DESCRIPTION OF THE ORBS MODEL 
The propagation problem can be divided naturally into a deep-water phase [in which 
cylindrical symmeter\~ applies and high-angle (> 20”) paths have been stripped off by earlier 
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encounters with the boundaries], and an upslope phase (which is a three-dimensional problem 
because the rough bottom scatters and reflects energy in many different directions). The bottom 
also introduces high-angle paths in this second region. Our object is to compute the distortion 
of the array-beam response caused by bottom scattering in terms of the environmental nd 
geometrical parameters of the problem. 
Figure 1 illustrates the basic structure of the ORBS model. The upper part of the figure 
shows the long-range, deep-water, non-boundary-influenced propagation portion. For short- 
range transmission calculations this portion of the algorithm can be omitted. In this region the 
Helmholtz equation for the complex acoustic pressure p is approximated by the parabolic 
equation[2] 
2ikoPr + p:: + k~[n2(r, z) - l i p  = 0. (1) 
The coordinate system consists of depth (z) measured positive downward from the flat ocean sur- 
face and range (r) measured from the sound source. In Eq. (1), n is the index of refraction 
In(r, z) = Co/c(r, z), where c(r, z) is the sound speed at the point (r, z) and co is a reference 
sound speed], and k0 = 2~rf/co, where f is the source frequency measured in Hz. The parabolic 
equation is solved by the split-step algorithm[3, 4]. We have assumed that the sound speed is 
only a function of depth and range, so that a two-dimensional implementation may be used in 
this region. For propagation where the boundary is not a governing environmental component, 
this is an excellent assumption[5]. Three-dimensional split-step models exist[6], and one could 
be incorporated. 
Thus, with use of the parabolic equation method, the acoustic field is known at range r = 
Rp as a function of depth. The lower part of Fig. 1 is an expanded version in three-space of 
the region between ranges Rp and R,. illustrated above. At the range Rp, we form the two-point 
product of the acoustic field, p(r, z~)p*(r, z2), where the asterisk indicates complex conjugate. 
Both points are at the same range r. The product is now written in depth-sum and -difference 
coordinates [z = (z~ + Z2)/2 and d = z 1 - -  Z2]  and transformed in the depth-difference 
coordinate. The resulting quantity is termed the (mutual) coherence function, I~(z, 0, r), where 
0 is interpreted as a direction in the vertical plane. 
From the Helmholtz equation atransport equation can be derived for the coherence function. 
Central to this derivation is an assumption that the background index-of-refraction profile can 
be approximated by one that is locally quadratic[7]. Because we have assumed that the prop- 
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Fig. 1. Basic propagation algorithm description. The upper diagram shows the long-range (parabolic equationl 
propagation, and the lower diagram is a three-dimensional detail showing the coherence function propagation 
in the vicinity of the boundary scatter and the acoustic array. 
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agation is independent of the azimuthal (horizontal) angle, we assume that the coherence function 
is the same at all azimuths at the range Rp. A further discussion of the coherence function is 
contained in [7] and [8] and their references. 
In the region shown in the bottom half of Fig. l, the propagation algorithm used is based 
upon the fact that the characteristics (curves on which the coherence function is constant) of 
the transport equation satisfied by the coherence function are the rays of geometric acoustics. 
Because the ranges Rp and Rc are taken to be close together, the ray approximation i this 
region should not lead to significant error. 
In order to compute the coherence function on the array centered at the range Rc and depth 
Zc, we use a reverse propagation technique, starting at the array and propagating back to the 
known field on the cylindrical surface r = gp. Since we are only interested in energy which 
reaches the array, it is computationally more efficient to start at the array and propagate 
backwards. The receiving array is a set of points (phones) equally spaced along a straight line. 
The array may be tilted or canted, so that it is not necessary for all the phones to be at the 
same depth and range; however, the phones are assumed to be evenly spaced. Our model deals 
explicitly with the directional distribution of energy reaching the array and computes it for a 
discrete set of directions (beam angles) relative to the array axis. Because an acoustic line array 
cannot distinguish among different arrivals at the same beam angle, the model sums over these 
directions. One such path, a member of one such cone, is shown in Fig. 1. 
If we assume that this path intersects the mean bathymetry, the scattering cross section, 
discussed in the next section, is used to determine how much energy would have arrived from 
each antecedent direction, as illustrated in the figure. It is only necessary to include antecedent 
paths which are in a vertical plane containing the source, since the assumed two-dimensional 
nature of the parabolic portion of the solution requires all paths to remain in the same plane 
until the bottom is encountered. These paths are then traced back to the cylindrical surface at 
Rp to calculate the contribution of the path. The coherence function from each of the antecedent 
paths is summed. Even with this simplification it is typically necessary to consider the contri- 
butions of hundreds of thousands of paths between the array and the range Rp. 
In order to compute the total angular distribution of energy at the receiving array, we have 
also incorporated contributions from strictly waterborne paths (that do not encounter the ocean 
floor) and contributions from energy that is specularly reflected from the bathymetry. The 
magnitude of specularly reflected energy is governed by the rms roughness of the bathymetry: 
the rougher it is, the less specularly reflected energy there is. The relative importance of direct 
arrivals depends on the source-receiver geometry and the bathymetry. 
3. SCATTERING MODEL 
The scattering cross section governs the fraction of energy impinging upon the bottom that 
is scattered in each direction. It is a function of the bathymetric spectrum and the direction of 
the incoming energy. The model currently incorporated in ORBS is based upon a combination 
of small-perturbation theory and the Kirchhoff approximation[9]. This model reduces to per- 
turbation theory for small surface heights and to conventional Kirchhoff theory for gently 
undulating surfaces with large surface heights. Thus, the region of validity of this model is at 
least as great as the union of the regions of validity of its limiting forms. 
The incoherent part (i.e. not including the specular contribution) of the scattering cross 
section ~i.coh. as derived in [9] governing how much energy arriving at the ocean floor in 
direction q leaves in direction k, is given by 
Sm¢oh( q--~ k) - 5([k[ - Iq[){b~lL~ + b,b_,l~_~ + b~,l_L_~}, (2) 
167r2q:lq[ 
where 
/- ( 
I ..... = I lexp[ i (q  - k ) "  p]{exp[k, ,h, ,¢&W(p)]  - 1}(kink,,) - ld2p ,  (3a) 
h,,, = q: + ink.. m = -1 ,  (3b) 
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b,. = [(q: + mk:)-" + [q - k I:] exp( -h . ,o . : /2 ) .  (3c) 
In the above equations the subscript z designates the vertical component of a vector, and the 
subscript II designates the horizontal components. The bathymetric orrelation function as a 
function of separation (in two directions) is designated by W(s), and o .2 is the mean square 
roughness. By definition W(0) = 1, and the process describing the bathymetry is zero mean. 
The limits of integration in Eq. (3a) and all subsequent integrals are 0 and infinity. 
As an example, we consider a symmetric bathymetric orrelation function given by 
W(s) = (s /L )K l (s /L ) ,  (4) 
where K~ is the first-order modified Bessel function of the second kind, as a function of (one- 
dimensional) separation s. This choice of W corresponds to a k -~ spectrum. (We have also 
considered other choices for W: for example, Gaussian.) The bottom statistics are isotropic with 
a horizontal correlation length L = 1600 m, and o. = 30 m. We consider a 100-Hz source 
impinging at a grazing angle of 20 ° to the mean bottom. For this set of parameter values we 
would not expect perturbation theory to be accurate, but would expect Kirchhoff theory to be 
valid. The cross section is plotted in Fig. 2, where the modified Kirchhoff result is plotted on 
the top as a function of outgoing vertical and azimuthal angles, and the corresponding pertur- 
bation and standard Kirchhoff results are below. Also indicated on the plot is the position and 
value of the maximum of each of the three formulations. As expected, the Kirchhoff result is 
accurate in this region, whereas perturbation theory is several orders of magnitude off. Further 
examples are contained in Ref. [9]. 
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Fig. 2. Scattering cross section as a function of vertical and azimuthal angles by using the exact formulation. 
Upper plot is the modified Kirchhoff result. Below are perturbation and standard Kirchhoff results. Parameter 
values are included in text and on plot. 
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As stated in Sec. 2, hundreds of thousands of evaluations of the cross section are typically 
needed. The most time-consuming portion of the calculation is the numerical computation of 
the integral in Eq. (3a) needed for Eq. (2). We simplify the calculation by a technique that falls 
into the class of approximations called exponential substitutionll0, 11]. Let us consider an 
integral of the form 
r l 
I (Q) = J J exp ( iQ"  s){exp [HW(s)] - 1} d2s. 
We approximate this integral by 
J(Q) = f f exp(iQ's)AW(s) d2s, 
(5) 
(6) 
with A and So parameters to be chosen. With a change of variables we obtain 
J(Q)= soA f f exp (isoQ.x) W(x) d2x. (7) 
The integral of Eq. (7) is the two-dimensional Fourier transform of the bathymetric orrelation 
function, termed the bottom-height spectrum S. That is, 
J (Q)  = soAS(Qso). (8) 
We now choose A so that the integrands of I and J are equal for s = 0, obtaining 
A = exp(H)  - 1. (9) 
There are many ways to choose So. We have found it convenient and, as we will demonstrate, 
accurate to require that 
J (Q  = O) = I (Q = 0). (lO) 
This means that the approximation is exact in the specular direction. The result is 
(f  f {exp[HW(s)] - 1}d:s} '''-. 
So = S(0)[exp (H) 1] (11) 
This defines So as a function of H that is, in general, very smooth and thus can be tabulated. 
Its evaluation is then simply a matter of table lookups and interpolation. Since S is often given 
in a simple closed form [for example, if W is Gaussian or as in Eq. (4)], the evaluation of the 
cross section, Eq. (2), has been greatly reduced in complexity by exponential substitution. 
In Fig. 3 we show results corresponding to Fig. 2, where we have used this approximation. 
The differences between Figs 2 and 3 in the modified Kirchhoff result are minimal. The value 
at the peak (Q = q - k = 0) are virtually identical, but of course this was one of the conditions 
that we set [Eq. (10)]. The volume under the plots differs by less than 7%. On a VAX 11/780 
computer it took 90 minutes of CPU time to calculate the results in Fig. 2, whereas Fig. 3 took 
about 90 seconds, with a significant percentage taken up in the plotting. Thus, the savings in 
computational time is about two orders of magnitude. 
4. DIRECTIONAL ENERGY DISTRIBUTION AT AN ARRAY 
The calculations discussed in Sec. 3 all dealt with the calculation of the scattering cross 
section. We now return to the computation of the directional distribution of received energy at 
an array. A description of how to obtain the directional distribution of received energy from 
is contained in [ 12]. Figure 4 illustrates the geometry of this example. We consider a horizontal 
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Fig. 3. Scattering cross section as a function of vertical and azimuthal angles by using the exponential substitution 
approximation Upper plot is the modified Kirchhoff result. Below are perturbation and standard Kirchhoff 
results. Parameter values are as in Fig. 2. 
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Fig. 4. Geometry of example treated in Figs 5 and 6. 
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Fig. 7. As in Fig. 6, for array tilted 10 ° in the vertical. 
sound-speed structure, typical for the North Atlantic Ocean near the east coast of North America 
has been chosen. 
Since this is a very short-range xample, there is no need to use the parabolic equation 
method to propagate to long range first. (However, this test case was designed to approximate 
the results of long-range deep-water propagation, yielding after hundreds of kilometers a narrow 
beam.) Figure 5 is the angular beam-formed pattern as computed by ORBS at the array. The 
exponential substitution approximation was used. The roughness of the bottom (4 m rms) was 
small enough that the pattern, including sidelobes, is, for all practical purposes, ideal. However, 
approximately 81% of the energy encountering the bottom is scattered, the remainder being 
coherently reflected. The array signal gain is equal to its reference value. 
Figure 6 shows the results for the same source-receiver geometry and other parameters a  
in Fig. 5, except hat the rms roughness is now taken as 32 m. The sidelobes are now filled 
in. The remaining sidelobe structure isactually due to the direct-arriving (non-bottom-interacting) 
energy and not to the bottom at all. The array signal gain is still almost equal to its reference 
value (0.7 dB below reference), and essentially all the energy encountering the bottom is 
scattered. 
We now consider what the effect of the environmental structure used in Fig. 6 is upon a 
tilted array. We consider an array that is tilted 10 ° in the vertical with all other environmental 
and array parameters as in Fig. 6. This array configuration is able to resolve energy arriving 
from different directions in the vertical. The angular pattern is shown in Fig. 7. Two major 
arrivals are noted: one at 0.5 ° , corresponding to the direct arriving energy; and the other at 
5.5 °, corresponding to the bathymetric scattered energy. 
5. SUMMARY 
We have described the theory and implementation f a model (ORBS) able to predict the 
directional distribution of received energy at an array, incorporating three-dimensional bathy- 
metric scattering and refraction in the water column. By making use of an exponential substitution 
approximation, we obtain great savings in computation time with little loss in accuracy. 
Examples illustrating the components of the model were presented. It is shown that in- 
creasing the rms roughness causes the sidelobe structure to deteriorate. Also illustrated is an 
example showing how a tilted array can separate the direct-arriving energy from the bottom- 
scattered energy. 
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360-m array (going into the figure) consisting of 13 evenly spaced phones situated at a depth 
of 2700 m, 290 m above the mean local bottom. The ocean floor is a seamount with a mean 
bottom slope of 15 °, isotropic statistics, a correlation length of 1600 m, and an rms roughness 
of 4 m. A 100-Hz sound source is at a depth of 2900 m, 3200 m from the array. The source 
is narrow and beamed so that the specular direction of the bottom-reflected energy intercepts 
the array. By doing this, the effect of direct arriving energy is minimized. A depth-dependent 
rn 
"D 
5 
0 
o 
rl 
>. 
2 
< 
0-~ 
-10-~ 
4 
-20~ 
-30  ~ 
-40  - 
-50  - 
-60  . . . .  
-12 '8 r4 f ~ ~ - - 0 4 8 12 
Ang le  (deg)  
Fig. 6. Directional distribution of received energy for 32-m rms-roughness mtuation. The source is lO0-Hz 
directed, so that the specular direction intercepts the horizontal array (see Fig. 4 for geometry). 
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Future work will consist of developing a model incorporating multiple encounters with a 
rough surface. Such capability is needed to model under-ice scattering in Arctic regions. Other 
directions of future efforts will include a sediment layer (not usually a problem on seamounts 
and some continental slopes regions) and the ability to model time-dependent problems such 
as pulsed sources or moving sources or receivers. 
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